In this paper, we develop a mathematical model to represent the conflicting effects of multidirectional pedestrian flows in a large crowd. The model is formulated based on Drake's model of traffic flow. Rather than relate the speed of a pedestrian stream solely to the pedestrian density, we introduce the flow ratio and intersecting angle between streams as variables. To calibrate the model, data collection was conducted through the video recording of pedestrian movements on a pedestrian street in Mong Kok, Hong Kong. Bayesian inference was adopted to calibrate the parameters based on the information from a previous experiment. Finally, we study the relationships among the speed, density, flow and intersecting angles of the pedestrian streams and predict how these variables affect the pedestrian movements.
INTRODUCTION
Walking is an environmentally friendly mode of transportation. A good understanding of pedestrian activities and effective planning of walking facilities are particularly important for densely populated Asian cities such as Hong Kong. Previous studies have used observational surveys and controlled experiments to examine unidirectional and bidirectional pedestrian streams. Video recording has been widely applied as a survey method in these studies, as it is economic, convenient and has relatively high accuracy. The video recordings provide a real-time record of pedestrian movements from which the position of each individual pedestrian at any moment can be extracted. Although multidirectional pedestrian streams are common in daily life, few previous studies have modeled multidirectional streams. Hence, in this study, we video recorded the pedestrian movements at a crosswalk on a pedestrian street in Mong Kok and extracted the relevant data to develop a mathematical model that reflects the relationships among specific macroscopic quantities related to the multidirectional pedestrian flow, including speed, density, flow and the intersecting angle between conflicting streams.
The continuum approach has been widely applied in macroscopic pedestrian flow modeling. Hughes (2000; 2002) proposed the continuum theory for two-dimensional pedestrian flows in which the pedestrians are regarded as the 'continuum fluid' and gave equations describing single and multiple types of pedestrians. Based on Hughes' (2000) single pedestrian type model, Jiang et al. (2009) proposed a reactive dynamic continuum-user equilibrium model to simulate bidirectional pedestrian flows. Huang et al. (2009) revisited the model for multiple pedestrian types and further developed an efficient solution algorithm. Jiang et al. (2012) extended the study to the simulation of pedestrian counter-flow. In addition, Xiong et al. (2011) proposed a high-order computational scheme for the Jiang et al. (2009) model, which proved to be more efficient than the first-order method. Xia et al. (2009) also developed a dynamic continuum pedestrian flow model taking the pedestrians' memories of the shortest route into consideration. Although these studies involved little empirical data, they examined different types of bidirectional pedestrian flows, including counter-flows and crossing movements with certain intersecting angles, which provide very useful information for subsequent studies based on empirical data.
There are few studies on multidirectional pedestrian flows in the literature. Blue et al. (2000) and Abdelghany et al. (2005) adopt cellular automata micro-simulation. Asano et al. (2007) proposed the cell transmission model for multidirectional pedestrian flow, in which a converted density is used to take the conflict between pedestrians into account. Given the limited research on the continuum modeling of multidirectional pedestrian flows, it is worth examining some of the related empirical studies on bidirectional pedestrian flows, as multidirectional pedestrian flows can be regarded as combinations of multiple pairs of bidirectional flows.
The counter flow is the most common form of bidirectional pedestrian flow. Daamen and Hoogendoorn (2003) , Hoogendoorn and Daamen (2005) and Kretz et al. (2006a) performed experiments for pedestrian counter flows in corridors with different widths. Kretz et al. (2006a) found that the performance of the pedestrian flow, in terms of macroscopic quantities such as speed, flux and the passing of time, was not necessarily lower than that for the situation without counter flow, as the pedestrians were able to increase the efficiency of their use of space to a certain degree and therefore compensate for the existence of the counter flow. In addition, Kretz et al. (2006b) and Helbing et al. (2005) observed self-organizational phenomena in a series of controlled experiments on bidirectional pedestrian flows in bottlenecks with different widths. The investigation by Ando et al. (1988) is one of the few studies on bidirectional pedestrian flows to include an oblique intersecting angle. The consideration of intersecting angle is useful for modeling pedestrian movements in some crossing facilities, such as scramble-phase signalized intersections (Hediyeh et al., 2014a) . Wong et al. (2010) also performed controlled experiments where pedestrians were asked to walk in designed directions at an oblique angle of 45°, 90°, 135° and 180°, and they found the conflicting effect maximizes when the two streams form an 180° intersecting angle. However, Zhang and Seyfried (2014) reported that they found no apparent difference with respect to the intersecting angle 90° and 180° based on their experiments, although they did not perform experiments on the situations with other intersecting angles.
Besides experimental studies, observational surveys are also important in model development for bidirectional pedestrian flows. Lam et al. (2002) conducted surveys on bidirectional pedestrian flows at a signalized crosswalk in Hong Kong. They examined the relationship between speed and flow under different conditions, including crosswalks with or without LRT stations. They also investigated the effect of bidirectional flow by incorporating the ratio between the flow of one stream and that of the total stream into the model. In addition, Lam et al. (2003) conducted surveys at indoor walkways in commercial and retail districts in Hong Kong. Similar to their previous study, they adopted the bidirectional pedestrian flow ratio and formulated a generalized walking time function that included the flow ratio and was calibrated with the data from the field surveys. This finding indicates that the speed of a pedestrian stream is not only dependent on the flow density but also the flow rate of the stream. Lam and Cheung (2000) also summarized the data from their observational surveys at MTR stations, signalized crosswalks and indoor and outdoor walkways, which provide useful information for identifying the characteristics of pedestrian flows in Hong Kong. Hediyeh et al. (2014b) studied the spatio-temporal gait parameters of pedestrian walking behavior using computer vision techniques in downtown Vancouver, Canada.
While controlled experiments can cover the full range of model parameters and conditions (Wong et al., 2010) and produce reliable modeling results, observational surveys represent the real situation and the data from these surveys can be used to verify the results obtained in the controlled experiments. Moussaid et al. (2009) provided a good example of how to move from controlled experiments to field observations. They first quantified the interaction effects in a social force model by performing a series of experiments, and then collected observational data to compare with the predictions from the model.
As Wong et al. (2010) conducted controlled experiments on bidirectional pedestrian streams with intersecting angles of 0, 45, 90, 135 and 180 degrees with different levels of density. Accordingly, their experimental data can provide reliable information on the full range of densities and intersecting angles. Xie et al. (2013) also adopted the Bayesian method to develop an improved bidirectional pedestrian stream model, based on the prior distribution provided from the data from the controlled experiment investigated in this paper and calibrated with observational data collected from a real crosswalk. In this paper, we propose a mathematical model of n-directional pedestrian flows. The Bayesian method is then used to calibrate the model based on the prior distribution from the results of the controlled experiments (Wong et al., 2010) and observational surveys (Xie et al., 2013) . A new set of observational data was also collected from a crosswalk on a pedestrian street in Mong Kok, Hong Kong. This set of field data is used to calibrate the model parameters.
DATA

Site Conditions
The crosswalk between Nelson Street and Sai Yeung Choi Street South was selected for the observation of four-directional pedestrian flows. The crosswalk is located at the heart of a pedestrian street in Mong Kok. The pedestrian flows are particularly dense during weekends. Therefore, the video recording was conducted on a Sunday afternoon, when many people come to the area to shop. The region of interest (ROI) is the area within the 12.376 m long and 4.31 m wide rectangle depicted in Figure 1 . The four 3 m x 3 m subareas in the middle of the ROI ( Figure 1 ) were selected for data processing. The camera was installed in a building next to the site at 7.02 m above ground level. The points A, B, C and D that define the ROI served as control points for the camera calibration.
[Insert Figure 1 Here]
Classification of Directions
Although the directions of the pedestrian streams were specified in the controlled experiment, the pedestrian movements in the field observation first have to be carefully defined. As video recording was adopted for the observation and the paths of the pedestrians' movements were extracted for analysis, we can easily identify the origins and destinations of the pedestrians in the study area. As it is commonly accepted to consider the flow from all origins to a particular destination as a copy of the flow in multiple OD networks (Potts & Oliver, 1972) , we grouped the pedestrians walking toward the same destination as a copy of one flow, i.e. one stream of pedestrians. Considering the site conditions in Figure 1 , the pedestrian movements in the field were classified according to the destinations (i.e. the edges of the crossing) that the pedestrians were walking toward.
[Insert Figure 2 Here]
Summary of Data
The data extracted from the observational survey are summarized in Table 1 . Although the pedestrian flows were recorded continuously, the pedestrian movements were extracted in 2 s (i.e., 10 frames) data blocks. In total, 22,632 trajectories were extracted. As shown in Table 1 , the average speed for the field observation is 0.96 m/s and the average density is 0.65 ped/m 2 .
[Insert Table 1 Here]
The average speed and density of each of the four streams shown in Figure 2 are summarized in Table 2 .
[Insert Table 2 Here]
As shown in Table 2 , the average densities of Streams 1 and 3 are 0.222 and 0.263 ped/m 2 , respectively, while the respective values for Streams 2 and 4 are 0.079 and 0.084 ped/m 2 . This indicates that the majority of pedestrians (about 75%) walk along Sai Yeung Choi Street South (Streams 1 and 3) while fewer pedestrians cross the junction with Nelson Street (Streams 2 and 4). However, the average speeds of the four streams are close, ranging from 0.92 m/s to 1.00 m/s, which reveals that the density difference between streams does not significantly affect their speed. Therefore, factors other than the density should be taken into account in the model formulation.
MODEL DEVELOPMENT
Proposed Model
Similar to the bidirectional pedestrian stream model proposed by Xie et al. (2013) , the model proposed for multidirectional pedestrian flow is modified based on Drake's one-dimensional traffic model (1967) as Eq. (1). The flow ratio is introduced to represent the movement of each stream. A coefficient α is also added to provide flexibility for the angle term. The model also assumes that the conflicting effects of the multidirectional flows are accumulated as the product of that from each conflicting stream.
where V i is the speed of the i th stream; V f is the free-flow speed; ρ t is the total density of all streams; ρ i is the density of the i th stream; φ ij is the intersecting angle between the i th and j th stream (if j=i, then φ ij = 0), which is estimated based on the pedestrians' walking paths of the two streams; and θ, β and α are coefficients.
The model satisfies a series of boundary conditions: 1. When j=i, φ ij = 0, there is no conflicting effect induced by the i th stream. 2. The conflicting effect of the other stream of pedestrians should be symmetrical about 180°. 3. When the walking facility is nearly empty, the speed of any stream should approach the free-flow speed, i.e., The model can be interpreted as the stream speed reduction induced by the isotropic effect and the conflicting effect. The first exponential term is similar to that in the Drake model and the model proposed by Xie et al. (2013) and represents the isotropic effect. The product of the sequence represents the accumulation of the conflicting effects from all the other streams. As the conflicting effect should depend on both the density and movement of the streams, the proposed model introduces the flow ratio (the flow of the i th stream over the total flow of the i th and j th streams) to model the conflicting effect induced from the other streams. The intersecting angle between the i th stream and each of the other streams is also considered as a factor that may influence the speed of the i th stream.
As the speed of one stream depends on the speed and density of each stream, as well as the intersecting angle between that stream and each of the other streams, in the completed form of the model, the corresponding n streams should group together to form a set of structural equations. Therefore, the finalized model is as follows:
This completes the formulation of the model for multidirectional pedestrian streams. The number of equations should be the same as the number of streams being studied. The model can also be reduced to a one-dimensional Drake model when all φ ij = 0.
Model Calibration Method
Although the data collected from an actual site can closely reflect reality, they cannot cover the full range of parameters as we cannot control the pedestrians to perform in situations with different intersecting angles and different levels of density. However, we have a set of useful data which was collected in a previous controlled experiment (Wong, et al., 2010) . The experiments for the intersecting angles of 0, 45, 90, 135 and 180 degrees were performed with different levels of density. Therefore, the data collected from the controlled experiment sufficiently cover the full range of the parameters. However, an experiment is still not reality. To utilize the information that fully covers the range of parameters and the data from the field, we adopt Bayesian inference to perform the model calibration. In this way, the experimental data can provide an informative prior distribution and the field data can be used to update the coefficients. Hence, this enables us to finally obtain a model that is based on reliable experimental data and is updated by new evidence from a real site.
Bayesian inference is a method of statistical inference that uses Bayes' theorem to calculate how the prior distribution changes according to new evidence. It is a modeling approach for parameter estimation that integrates prior information and current information. The ultimate aim of Bayesian inference is to obtain the posterior distribution of all unknowns, i.e., the parameters of interest. The Bayesian modeling was performed using WINBUGS (Spiegelhalter et al., 2003) , a flexible software program for the Bayesian analyses of complex statistical models using Markov chain Monte Carlo (MCMC) methods.
To perform a Bayesian analysis, the prior data distribution must be specified. Although the conflicting effects in multidirectional pedestrian flows are represented as the accumulation of the effects in each pair of conflicting streams, it is reasonable to adopt the calibrated parameters and their distributions used in a similar bidirectional model proposed by Xie et al. (2013) . Xie et al. (2013) reported two sets of calibrated parameters. One set is calibrated with the data collected from the controlled experiment conducted by Wong et al. (2010) . The other is calibrated with data collected from a real site (a crossing in Central, Hong Kong), but uses the previous experimental results as the prior distribution. Therefore, both these sets of calibrated parameters and their corresponding distributions will be separately used as the prior distributions for the calibration of our multidirectional model. However, the prior distribution of the freeflow speed, V f , will be set as non-informative, i.e. with a very large standard deviation, as it depends on the type of walking facility.
To summarize, the multidirectional pedestrian stream model proposed in this study will be calibrated with the data collected from the observational survey in Mong Kok, which in turn are based on the prior distributions obtained from the controlled experiment and the field survey in Central, respectively. The exact prior distributions used are listed in Table 3 below:
[Insert Table 3 Here]
Finally, we used the deviance information criterion (DIC) and the posterior p-value as indices to evaluate the goodness-of-fit and to check the performance of the models. The DIC is useful in Bayesian model selection as it measures how well the model fits and considers the penalties on the number of parameters. Generally, the model with the lowest DIC value is preferred (Spiegelhalter et al., 2002) .The posterior pvalue compares the predicted data from the model with the observed data. With the Bayesian framework, the predictive data can be simulated from the posterior predictive distribution. The goodness-of-fit can be evaluated by comparing the predictive data with the observed data. Assuming observations with the same parameters will be replicated in the future, another set of observed data can then be obtained. If the model is appropriate for the observed data, the replicated data should be very close to the observed data. Hence, the difference between the two sets of data will reveal the goodness-of-fit of the model. The posterior pvalue is defined as the probability that the replicated data are more extreme than the observed data. Therefore, the closer the posterior p-value is to 0.5, the better the fit of the model (Gelman et al., 2004) .
In addition to the Bayesian statistics, we adopted the mean absolute percentage error (MAPE), the root mean square error (RMSE) and the relative root mean square error (RRMSE) as statistics to evaluate the goodness-of-fit of the models.
RESULTS AND DISCUSSION
According to the model for multidirectional pedestrian flows proposed in section 3.1, n = 2 for the controlled experiment and the field observation in Central, while n=4 for the field observation in Mong Kok. Bayesian inference was adopted for the model calibration. For the parameters reflecting the interaction between pedestrians, θ, β and α, the prior distributions were specified as in Table 3 . For the free-flow speed, which may depend on the condition of the walking facilities, the variance,  2 , was set very large to provide enough flexibility in the prior distribution.
As shown in Table 4 , the two groups of results are very similar. When the prior distribution is provided by the controlled experiment, the calibrated free-flow speed is 1.068 m/s (95% BCIs: 1.061, 1.075), the coefficient of isotropic effect θ is 0.063 (95% BCIs: 0.060, 0.067), the coefficient β is 0.132 (95% BCIs: 0.125, 0.139) and the coefficient α is 1.227 (95% BCIs: 1.168, 1.297). When the prior distribution is provided by the observation in Central, the calibrated free-flow speed is 1.071 m/s (95% BCIs: 1.064, 1.071), the coefficient of isotropic effect θ is 0.066 (95% BCIs: 0.062., 0.070), the coefficient β is 0.132 (95% BCIs: 0.125, 0.138) and the coefficient α is 1.177 (95% BCIs: 1.122, 1.239).
[Insert Table 4 Here] Compared to the parameters originally calibrated from the controlled experiment and the observation in Central (Table 3) , the values of the corresponding parameters are close, except for the coefficient β. The calibrated free-flow speed is similar to that in the controlled experiment, which is 1.074 m/s, indicating that the pedestrians in Mong Kok and the volunteers in the sports stadium walked at a similar leisurely pace. However, this is much lower than the calibrated free-flow speed observed in Central, which is 1.326 m/s as reported in Xie et al. (2013) . It is reasonable that the pedestrians at the crossing in Central walk faster than those walking leisurely in the shopping area in Mong Kok. The coefficients of the isotropic effect, θ, for the two cases are also very close to the prior distributions (Table 3 ). It appears that the isotropic effect remains almost constant under the different pedestrian flow conditions. The coefficients of the angle, α, are also similar to the prior values (Table 3) , at between 1.177 to 1.3, indicating that the conflicting effect induced by the angle is maximized when the angle is between 135 and 150. Finally, the coefficient of the conflicting effect, β, for the site in Mong Kok is 0.132, which is much larger than the coefficients of 0.072 and 0.078 obtained in the controlled experiment and the observation in Central. As the exact form of the model changed from n=2 to n=4, the corresponding coefficient thus changed to represent the conflicting effect induced by the multiple conflicting streams.
To demonstrate the improvement in the accuracy of the models from one-directional to multidirectional pedestrian streams, we perform the same inference procedures using the same set of field data, although we disregard the stream directions and consider the flow as one stream of pedestrians. In this case, the proposed model reduces back to Drake's model and we only have the parameters V f and θ, the free-speed and the coefficient of isotropic effect. The calibration results are shown in Table 5 below: [Insert Table 5 Here]
As shown in Table 5 , the accuracy of the prediction is much lower than that of the multidirectional model. The DIC value for the univariate case is not comparable to that of the multivariate flow as the definitions of the dependent variables are different. Although the posterior p-values for both cases are very close to 0.5, the values of the mean absolute percentage error (30.0%) and relative root mean square error (38.0%) are much larger than the corresponding values for the proposed multidirectional pedestrian stream model (14.4% and 14.3%). This may provide strong evidence that the proposed multidirectional pedestrian stream model is superior to the previous bidirectional and one-dimensional models.
As we perform the Bayesian inference using WinBUGS, in which V 1 ,V 2 …V n are assumed to have independent distributions, we need to test the validity of the assumption as the variables are dependent on each other according to the form of the model. To test whether the distributions of the speeds are independent of each other, we perform an analysis on the errors between the observed speeds and the predicted speeds computed from the proposed model with the calibrated coefficients. Let
pred is the predicted speed of the the i th stream; V i obs is the predicted speed of the the i th stream; ε i is error between the predicted speed and the observed speed of the i th stream.
The study site comprises four streams of pedestrians with speeds of V 1 , V 2 , V 3 and V 4 . Hence, the errors between the observed and estimated values are labeled as Ɛ 1 , Ɛ 2 , Ɛ 3 and Ɛ 4 . The correlation between Ɛ 1 , Ɛ 2 , Ɛ 3 and Ɛ 4 is shown in Table 6 below:
[Insert Table 6 Here]
As shown in Table 6 , the correlation between any pair of error terms is very weak, which may indicate that it is still appropriate to assume that the error distributions of the speeds are independent.
In the multidirectional pedestrian model, there are countless combinations for the distribution of pedestrians in each stream and the intersecting angles between each set of two conflicting streams. To present some design charts to illustrate the relationship between speed and density, the directions of each of the four streams observed in the field survey are adopted as the fix values of the intersecting angles, i.e. the intersecting angles between the streams are set at 90 for the adjacent streams and 180 for the opposing streams. To plot the speed and density on a two-dimensional chart, the densities of Streams 2, 3 and 4 are set as equal so that they can be grouped together. Let In addition, Figures 3(b) and (c) show the corresponding speeds for Streams 2, 3 and 4. Except when ρ 234 = 0, the speed drops sharply at the beginning of the curve, as the three streams interact with each other before the arrival of pedestrians in Stream 1. Therefore, once one pedestrian enters Stream 1, the increase in density in Stream 1 adds further conflicting effects to the whole system so that the speed of any of the three other streams will drop even faster.
Based on the design charts for speed/density depicted in Figure 3 , the flow/density diagram can be plotted, as shown in and Xie et al. (2013) .
[Insert Figure 4 Here] As shown in Figure 4 , the optimum total density of the pedestrian streams occurs at around 2.5 ped/m 2 , with the maximum flow being about 1.45 ped/m/s. As reported by Wong et al. (2010) , under a balanced situation, the optimum total density for the bidirectional pedestrian streams is around 2.5 ped/m 2 , with the maximum flow in the controlled experiment being 1.6 ped/m/s. Considering that the average speed in the controlled experiment (0.819 m/s) is lower than that in the field observation in Mong Kok (0.96 m/s), it may be concluded that multiple conflicting streams from different directions will have a much larger impact on one stream than a single conflicting stream, even with the same density. A similar conclusion can also be drawn when these results are compared with those observed in Central, in which the optimum density is about 2 ~ 3 ped/m 2 and the maximum flow is about 1.8 ~ 2.1 ped/m/s. This indicates that the pedestrians at the busy crossing walk at a much higher speed than those walking leisurely along the pedestrian street in Mong Kok. Figure 4 also shows the flows of the other three streams. Although the density of each of the three streams is only one third of that of Stream 1, the optimum flow of the streams is around 1.2 ped/m/s, which is slightly lower than that of Stream 1. This indicates that the speed of the streams cannot be determined simply by the density.
CONCLUSION
Expanding on Drake's model, we developed a mathematical model to represent the movements of multidirectional pedestrian flows. In addition to stream density, we introduced the flow ratios and intersecting angles of the streams as attributes that influence the speed of the streams. A set of observational data (from the pedestrian street in Mong Kok) was collected for the model calibration. The movements of the pedestrians were video recorded and the corresponding macroscopic quantities were extracted to calibrate the model. Bayesian inference was adopted for the parameter calibration. The prior distribution for the Bayesian inference was provided by the calibration results reported by Xie et al. (2013) , which are based on data collected from a controlled experiment performed by Wong et al. (2010) and an observational survey in Central conducted by Xie et al. (2013) . The field data collected in Mong Kok was then used to update the model to reflect real-world situations of multidirectional pedestrian flows. These findings build on previous controlled experiments and observational studies on bidirectional pedestrian streams with oblique intersecting angles. The use of on-site observation helped us to understand the difference between the experimental and real situations and to improve the model. The results are generally consistent with those of previous studies. However, more observational surveys of different walking facilities should be conducted to make the model even more congruent with actual pedestrian behavior. This is an important area for future study. Tables   Table 1 Summary of the pedestrian Table 6 Correlation between error terms, ε 1 , ε 2 , ε 3 and ε 4 ε 1 ε 2 ε 3 ε 4 ε 1 1 ε 2 0.031795 1 ε 3 0.043973 0.007749 1 ε 4 0.010478 0.027278 0.0356 1 
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